
ON TIIE POINTIIISE AND TEE INTEGML CONVERGENCE OI'

RECURSIVE KERNEL ESTIIIAIES O! ?ROBABILITY DENSITIES

luc P. DeYroYe

435TRACT. Let Xl,...,Xn be lndependent Rd-valued randoo vectors

vith a comon de!5tty f, and let f be estbated bv

fn(x) = n-l t h;dK( (x-xr) /hl) , ehere thn) ls a sequeoce of Postttve

ntuberB and I( is a bouniled denslty on Rd,

several re€ults related to the veak o! the stloot Polotsiae

conslstency of f are dlscussed and derlved tn the f1rct Part of the

paper. In the seco part, neak conillttons otr thn] ate 81ven Insullng

$'r./ ltnt*l 
- f(x) ldx x o 1r plobabluty (or wtth probabluty one) for

aZZ deDsitle6 f.

7. Int"od ction.

Let x1'x2,... be a sequence of independent identically dtstrtbuted

raodom vectors taking values la Rd with a comon uoklrown denstty f. To

e6tftn4te recursively the alendlty for eech x e Rd we conslder the

llolverton-Ifag[er-Yanato estinaEe

. t t
(1) fo(x) = n-r t  h;o K((x-xi)/hi)

(see 125-277), lrhele K is a giver bouded plobabl.llty deosity and {hn}

ls a 6equence of positlve nuDbers satlsfyltrg

h  * o
n

- d  !

(2'

(3)

atrd

. Ihe estlDate f ls a reculsive velslon of the celebrated PerzeD-Rosenblatt
n

' ,  kernel est inate [20], [23]
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(4 ) 8,,(x) = n-1 i r,ld r<t*-xrllr'ol .

For sufieys on nonParanetrlc denslty estftdation, the leader is referred

to l{egDao [24] and Revesz t221.

It ls well knol'n that gn ls weakly pointwlse consistent if (2)

and (3) hold, if f ls continuous at x, aDd if

( 5 )  l l " l  l d  r< *1  *  o  as  l l x l l  *  -

(see [6] and t2ol),  I f ,  to these coDdit iods' ne add

- -unhd
( 6 )  t "  

n < -  f o r  a l l  c t > O ,
n=I

then gn 1s strongly Polntwise conslstent as well, that ls, gn(x) + f(x)

vtth probability one (n.P.1) [14]. Liblting hlmself to bounded continuous

f, to bo$aletl RieEann-integxable K and to sequences {hn} satisfying

n

A A
(7) (n+r<) rri* > c n hi (sone c > o, all n,k > 0) '

Deheuvels [12] shows that 8n(x) I t(x) w.p'l for all x if and only if

( 8 )  o h f / r o g  r o g n 3 -  '

condltion (8) ts inPlied bY

(9) ,' rtd/tog ,, I - ,

whlch io turn tnpltes (6) but i€ equlvalent to (6) for sequeflces

satisfying (7). ltoweYex, irr the absence of (7), ne{ther (6) no! (9) iDPly

Deheuvelgr coni l i t ion (8); e.g., 1.t  ohd -f i  e*tept when

,,k d
n = 2K for 6one intege! k, in vhich case ve take nh- = 1og 1og n'

In the flrst parE of this paper we discuss atrd prove slnilai
i

point\d6e results fol the lfolvelton-Wagne!-YaD:rto estinate (l') ' For

other recetrt work on reculslve derl6ity estlnation, the leailer ls )

leferred to the papers of Ahnad and Lin t2l,  Banon [3],  carrol l  [7],



Davies [8J,  Davies and wegnan [9] ,  and Rej to and Revesz 1211. The

trouble with a iecurslve estlxoate like (1) t6 that the colltrlbutlon of

X,  is  weighted by h.-  and that  the est inate is  therefore sensi t lve

to sudden decreases i f l  the value of  hn.  Recentty,  Deheuvels f10-I2 l

proposed a par l iculer ly  e legant est iDate

/  n  . \  ,  n
r  < "1  =  I  l t l  l - '  l x ( ( " -x . ) / r ' . )

which shares with (1) and (4) that it is a denstty on R" and which has

the llice property that all X. are seerdingly equally weighted. (At

1east ,  due Eo the boundedness of  K- the dl f ferance i  -  ? n i l1- - - - - - - " - '  - n  - n - 1

r e n a i n  s n a l l  e v e n  I f  h  i s  n u r !  _ - _ r r  ' - _  _ r  \  F . r  . l  =  1I n _ l , . . . ' I 1 . . /  , w r  e

Deheuvels [10-11] shows that i is sEronsl.r Dolntvlse consistent if f

and K are bouflded densities, if f is continuous at x, and lf

(10) h  +o
o

and 5.

?ointwise consistency is  usual ly  of  l imi ted velue to the sta i is t ic-

lan.  For: tunately,  i t  is  t tue that  for  a sequence of  densi t ies fn that

ls alnost evert rhere weakly (strongly) pointwise consistent, the in

probabi l i ty  (w.p.1)  convergence to 0 of  
J l r^ t* l  -  f (x) ldx to l1o.s

(Cl ick t l6 l ) ;  that  is ,  fn ls  weakly (st rongly)  consistent  in L l .  In

the second palt of this report a valiety of lreak conditlons on {hrr} are

der ived insur ing the Ueak (strong) conslstency in LI  of  f r r ,  Brr ,  and

in tot  aLL densl t ies f  ( i ,e. ,  f  is  not  required to be bounded or

even to be almost eveiywhere continuous).

2. Main Results.

LeE us f i rs !  recal l  a polnf i r l€e coosistency theoien fox the Parzen-

R o s e n b l a t t  e s t i n a t e  ( s e e  t 6 l ,  f 1 4 1 ,  t 2 0 l ) ,

THEoREM 1. Let lt]n\ satisfy (2), (3), Let K be a bounded ptobabilitg

densi,tg, and Let condl:tion L hold.

Condition A. jne of the follaDing is tuae:

(i) x is a conti.nuitv paint of f. and (5) hoLds,

(ii) x is a Lebesgue point of f dnd f ie bounded, on R",

(iii) x is a Lebesgue point of f aftd K has eowpaet suppo?t.



Unde! these colrCitions, cn(x) l f(x) in probabilifu, rf in additi-on'

(6) hoLds, then gn(x) + f(x) 2,t.p.1.

that all continuity polnts ale ]-ebesgue points, altal that almost all

points x are l-e-besgue Points. U€ing the techniques of proof of

TheoreE 1, it is showrr in the Appendix that flr converges Pointwise to

f under essentially the sane conditions.

TITEoREu 2, fn(x) 3 f(x) in p'obability if Inn\ satisfi'es (2), (3),

i.f K t6 a bounded pvobahi.Lit! den€ita, and if condLtion A holde, rf'

ad.&itiorl4Ll! 
" 

(8) is trwe, then fn(x) I t(x) tr.P.r.

P?oof of Theoten 2. The Proof paralle1s ia several resPects the proof

of TheoleD I rdhlch can be found in t141. Ihe Dain tool we need is an

tnequality due to Bennett [4] for the sun of iltdependent randoE
, a

v a l i a b l e s  Y 1 , . . . , Y n  w l t h  E { Y r }  =  0 ,  E { Y : }  S  o ' ,  a n d  l Y r l  <  b :

( l  -  n  |  )
p l l ;1  i  v .  l  =  

" ]s  
z  exp  { -n (e /2b)  ( (  r+a2 lzbe)  1oc  (1+2be lo2)  -  1 ) }

l l  r t i  1 l  I
t l  - -  '  '  

=  2  
" *p  

{ -n r212ta2+t . ) }  ,

vhere the latter lnequality follots fron the fact that 1og (1+u) > 2ulQ+,t)

for all u > 0. Now, let e > 0 be arbitrary and dote that

l r r r t * )  -  e t " ) l  <  l to (x )  -  E{ r r ( r ) } l  +  lE t fn (x ) }  -  f (x ) l

Flon Le@a 2 (see Appendix) we know that E{Yn} I f(x) if

Yo - h-' K((*-xr.)/hrr). Hence, by the Kronecker le@a [18' p. 238]'

8 { fn (x ) }  =  n - '  !  r t r . }  $  f t x )

Nexr, Lf c = sug E{Yr} ard M = sup K(x), theD etY?} < cutr;d and
t _ x

lYr -E{Y.  }  |  s  Mh. - .  There fore ,

It 1s rrorth recalllng that x is a Lebesgue Point for f lf

P * ,  J , ,  l t ( v l  -  r ( * ) l a v - o  a s  p - 0 ,
I  l v - x  I  l <  p



( l  . "  I  )pr l ro(x)  -  r { r , , (x)} l  >. t  = p l l " - ip( i i_e tv. l  
l= " f

s 2 e:xp {-^e2 /2G!t,n + }tegn) } ,

rrhere !,- = 
",rp 

t]d. The in probabtlLty parr of Theoren 2 follows frora
" i s n '

Lema l and (3), A weU-l:novo versloo of the stroDg 1aw of large nunbers
(Loeve [18, p. 253]) asserts that l f  lyr l  < Ln for al l  n and 6orne
L < -,(which is the case here sidce the hn ale posltlve nunbers anal

, t -
nh-/ log log r  + - ) ,  then

r n
n - '  l t v . l  -  E t y r ] )  9 o  w . p . r

i=I -

if and only lf for every € > 0

F*' l lt-,fol' .'."'"."1= "l' -
lJe thus conclude that fn(x) - E{fD(x)} 3 O n,p.1 i f

i {, .-o -(2k.2 / (z<.n+u.)) ,r, nf } . -
k=0(  ,=zk 

- l

vhich is implied by

^ k  - . d , .  kz  1 l l r  n _ / r o s k + 6 .

i<2'

Thls lD turr follorrs fron n fat hj/fog log n.9 - and
lsn '

ohi/1og 1og n 5 - (Lema 1).

Rena?k 1. (Conditions for nesk consi6tency). An application of

Chebyshevrs inequality allows a relaxation of condition (3) for weak

" 
codsistency. We !dL1 see that it can be replaced by

^ n

-  
( u )  

" - ' !  r ' ] o l o .

(Iadeed, by Toepli tzrs lenna t18, p. 238J, nhd g - entai ls



^ n . . n

" - '  E h;o = 
" - '  D { i t ' . , ) - "  }  o . )

The exanple in which hd = n_L except when n = 2k, in which case

hi  = n 
_,  

1s one sat is fy ing ( I1)  but  not  (3) .  Hol tever,  for  nonotone

{ho} both conditions are equivalent in vien of

- 2 ' ) ^ 2 n
1zn) -z  I  n .d  '  1zn) -z  t  n ;o  t  (2n) -z  nh-o  =  (4nho) - '

i-=r t i?1

They are also equivalent whenever (7) holds l.'ith c = 1. To see this,

assume that (11) is true but ntrdTr -. In view of (7) this in turn
.1

inplles that nh- s M < -. But then

" . -2  i  r , ;d  = 
" -2 i  i /M> n2/(2t r2v)  = r lzv > o,

contradlct inS (11).  We note that  the weak conslstency Part  of  Theoren 2

under Condition A(i) can also be found in Ahned and Lin [2].

Renark 2.  (Coddi t ions fo l  s t rong consistency).  The strong consistency of

fn was eer l ier  establ lshed by Davies l8 l  under str ic ter  condl t lons.

Deheuvels [12] has shown that under weak additional assunptions on

f ,  K,  and {hn},  (8)  is  necessary for  the st long polnt ! , t ise consistency

of  f_.  Tn the next  theolen we wi l l  see that  (8)  can be replaced by

(12)

nithout coDpronlsing the strodg pointnise conslstency of fn. The Proof

of thi6 is based on Kol4ogorov I s second Doqent verslon of the strong 1aw

of large nunbers. The sequence { * '1 trog n)/(1og 1oB n)} r" or,.
t n ,

satisfying (8) ana (9) but oot (I2) stnce {1/n(1og n)( log 1og n)} ls nol

su@able. 0n the contrary' the sequeoce

t  ^ - ,  - r r k
, t  t "  '  " ,  -

h - =  {
'  

( . - 1 ,  n - z *

sarisf ies (12) but not (3), and thus certainly not (6), (8), or (9). Thus

the conditions (8) and (1.2) do not inply each other.

- 1 1 8 -

< .  - 2  - - d
,  n  n  < 6



Suppo€e next that {hD} 1s gufflcleotly lrell-behaved so that

Deheuvels' quasi-Eonoto iclty condltion (7) holds with c = 1. With

soDe nork one can shov that (7) and (12) iuply (9):

-  d , ,  n
n h / _ L o g n + @ '

Thus, for nicely behaved {hrr} (e.e., nh* 16 asynptotical ly nonotone),

Theoren 2 is strongel tha[ the said theoren ln whieh (12) replaces (8).

(The proof of the latter lnpllcatlon uses the facts that for nondecreaslng

{ d n } , x l / n < -  i f  a n d  o n l y  i f  I 2 "  l o ^ o .  - ,  a n d  t h a t  t  1 / c t n  <  -
2-
. .  . drnprres non + u, !o cotrc-Luoe, upon EaKlng dn = nnn, tdat

t l /(nctn) < - yields co/log n I - .)

We now state the amounced theoleo,

rtlEoREl'{ 3. If {})i} satiefies (2), (17'), i.f 
^K 

is a bounded density,

and if condLtion A h.old.6, then E((fn(x) - f(x))z] + o. rf, a.d.dition111,1,! ,
. ,  -  ,  .  n  - ,  ,(72) holds, then t 

;G) 
+ f(x) d.p.t as deLl.

Ploof of Theo"an 3. ite need ody 6ho!r rhat lfn(x) - E{fn(x)}l l0 In

the quadTatic mean or rrith probabllity one. By Chebyshev t s inequality

and (11),

P { l r n ( x )  -  n t r , , ( x ) } l  >  e } s  e

^ n
s (ne)- '  E EtYi )  < (n€)- '

-2 
e 

{<r"<*l  
-  Errn(*)})2}

* iu*o '

By Kolnogorovl s conditlon for

p. 2531) we know that

n

t

Ttls proves the first part of Theoreq 3.

the strong law of lar.ge nurnbers (see [18,

f  ( x )  -  E t f  ( x ) ]  I  0  w . p . r  1 f
n '

F .{r2}/,r2 . -
L /  " t  n . .

) - a
Using E[Y]l  < cMh 

-, 
thls condlt lon reduces to (12). Actual ly, the

inequality of HaJ ek and Renyi [17, pp. 258-2607 provldes us with an

upper bound



u  t t r  ( x ,  -  E t r  ( x r J l
. n

t @

\ - o r . z t  ,  - - z  s \  E rwz r l - z

n=I 
-- 

n=k+l

l r h i c h  t e n d s  t o  0  a s  k + -  f o r  a l 1  € > 0 .

Ndti.e th,t f and e ale valid densities o., fd. th,IS, r"" ..II

apply a theoren of click [16] rrhich states that if {fn} is a sequence

of deDsities co[verging to a density f in probability (!r.p.l) fo!

aLnost alL x with respect to Lebesgue measure, aDd.if the fn are

B o r e l  m e a s u r e b l e  f r m c t i o  s  o f  x ,  X 1 , . . . , x D ,  r h e n  
/  l f n ( x )  -  r ( x ) l a x  *  O

in probabi l i ty  (w.p. l ) .  Thus,  the fo l lowing theoren 1s a corol lary !o

Tteolens 2 and 3.

TEEoRIM 4. Let K be a botztd.ed p"obabilit! density and let an| one of

the fol,Loaing conditi.ons hald:

(i) f is alnost eoelUdhele contiTaous and (5) holds,

ftn) f iB bounded,

G.i.i) K ha6 campact 6uppolt.

r .
rf (2) a d (3) hol-d, then Jle.G) 

- f(x)ldx + o in p"obabil itu. rf also
(6) holde, then llen(.x) 

- f(x)lax * o u.p.r. rf (2) dnd (LL) hald, then

llr t*l - f(x)ldx B 0 in probabil. ifu. If (2),and (8) or (72) hal.d, then
.l -' rr
I t -  , ,  - . . r -  n  ^  -

J  l l n ( x ,  -  t ( x ,  l dx  +  u  , . t . p . - 1 .

We enphasize that 1heoreD 4 holds for aLL d,enatxle' f if K has

conpact support,  i .e.,  i f  for sone f ini te l t ,  K(x) = 0 whenever

l l* l l  t  u. The part of rheoren 4lnvolving gn was shorr 'n by Devtoye and

wagner [15] for kernels K satisfying a coadition veaker than (ltl),

nanely

f", ,o k(v) dx < -' y ' ' l l y l l ' l l " l l

Rematk 3. (Convergence in L2 of density estiqates), Because of its

nathenatical attractj.veness , several authois consraer 
.i[{rrr(x) 

- f(x))2ax

as a globa1 qeasure of the deviation of f- floo f. For instance,
t 

r6"112a* 4 o 
".p.f  

i f  K 1s a boundeatWagner [26] shor,rs that 
J(ro(x)-t

dersity ldth 
J l l* l l r<*l  6* < -,  i f  hn ls oonincreasing, i f

t  hn/n < -,  t f  (12) holds, and i f  f  sat isf ies a unifo@ Lipschitz

condit ion.

- L 2 0 -

) _ ,
>  e ) |  s  ( t e )  -



A variety of results are avel labfe regarding f(,  (*)-t(*))2a*-  -  / - - n
(see Bickel and Rosenblatt [5],  Ahoad [1] af ld Nadaraya [19]).  Most of

them are concerned wlth the rate of convergence to 0 of the rnean

lntegrated square erlor. It is known that if K ts a bounded density

satisfying (5), i f  (2)-(3) hold, and Lf f2 ls inLegrable anat f  is

alnost everywhele continuous, then E i /(en(x) - f(x))2dx] 3 o tr: ] .  rr

in addit ioo

- 2 d , -  n
n n _ / I o g n f o ,

f t
Nadaraya  f 19 l  shows  tha t  l ( e  ( x )  -  f ( x ) ) - dx  +  0  i r . p . ] .  (The  l aEEer. J - T I

conditlon ls not necessary. Nadarayats arguroent lemairts valid if we

replace i t  by (9)  and use Bennett rs inequal i ty  t4 l  in the proper p laces.)

In eny case,  a l l  these resul ts are oDly appl icable 1f  f  is  integrable.

Since f is unknolrn in advance this conditiofl cannot be checked. Theoren

4 show6 thet the situation is not all that bad since the ldtegrated Ll

error  converges to 0 w.p.1 for  aLL d,er 's i t les f  (under mi ld condi t tons

oo the sequence {h,r} which we can pick anyway) and all the estimates

discussed in th is paper.  This resul t  is  not  surpr ls lng s ince Ll ,  not

l-2, is the Ilatural 6pace 1n whlch the properties of densities should be

studied. It is comforting to know that the requireoent that f be

elnost ever)rwhere continuous caD be dropped altogethera,

3, A Note an the Deheuue's Estinato!.

In thls section ve complement sone results of Deheuvels [10-12].

TIIEoREM 5. rf {t'n} satisfiee (L0), if K is a bounded p"oba:bilitA

deneity and if CondLtion A holds, then i-(x) * f(x) ?r.p.l.

Pr.oof of Theo"en 5. Notlce fir€t thar

r,9 ntv. i .
/  n  . \ - 1  n

E{E" ( - ) }  = ( t  h :  }  t-  
\ i = 1  

- /  
i = 1

vhere Y- is defined as in the proof of Theoren 2. Using Leidna 2
z - r , .  .  r  - .  , ,  ,  -  _ d(E{Yo} + f(x)) and Toep,l l tzrs Ie@a [18, p. 238J we see that t  h'= -

implles rhar Etirr(x) ]  I  f(x). Thus we neeit only show rhat

fn(x) - Etfn(x)J + 0 r ' ,p. l .  By Loevers cri terion for the strong law of
large numbers t18, p. 253J thls fol lows i f

- I 2 L -



< Mch_. Theoren 5 aolt

"9\3.-.f. ,t*'z<t--*"rrn"ry'(i
D = r / \ r - '

etr2 { g*-xrr) /tr,,) } s u!,d n{Yrr}

tf, = - t'ntt..

But re know that

fo l lows s ince !

r- l  . \ \

I  " l))p, ":(E "il . '"i. 'i. "/(,e "i

6  .  t l r L  . \ 2

r r,o// J' r'i\ . - .
u ,  l r l l u _  l l
n= I

To see this, assume that h" > 0 and notice that

-  /  r  / n -L  . \  / / n  , \ \
.  D ( / ( t  n l ) - ' l l l  n i ) |+ r t ' i

n=2 \ ,  \ i=r  ,  t \ I -+ ' l /

= 2/h; .

TllEoREl.l 5. If {hr,} satLefiee (lo), if K is a bounled prcbabiLi.fu

detaifu and if ang one 
-of 

the follotinq condi.ti.ons hoLd'

(i) f i6 alnast euerguhere eontivruoug ajtt (5) i8 sati.sfied'

(ii) f i.s bomded'

dii) K has cot1p1.clt 6upqo?t,

f _
t h e n  J l t n k )  

-  I ( x ) l d x  +  0 u . P . 1 -

one 6hou1d notlce that (10) is weaker than (11) since

n  .  ^ l n  . \ - I
5 '  n l  '  n ' l  t  h :o l  I  o  .
L)- L \ t/, r I

llere lre used the following Loequality valld for ell sequences {hn}:

/ . n  \ /  '  . \
/"- i i  r ' :dl{"-r i  r '1 } '  I  .
\  G i ' l \  i = t ' /

The conditions (10) cannot be ltlproved uPon ln lheoren 5 due to a result

by Deheuvels [12] who shows that llnder sorde add{tional restrictions on f,

K, and {hI}},  in ori ler fo! in(x) + f(*) \ t .p. l ,  i t  ls necessary that (10)

ho1d.



P"oof af Theo"em 6. Theorem 6 fol lows fron Theorem 5, cl ickrs result

[16], and the fac! that aloost al l  x are Lebesgue points for f .

- L 2 3 -



A?PENDIX

L E M M A  I .  f f  a . b  > O . a  + - .  t h e n  e l b  \ -  i . f  o n d  o n r , , ; c- , - n ' - n - , . n ' . ' . - ' . _ n ' n

an /  ( sup  b r )  +  6 .
" l s n _

Ploof. Notlce that

a . / b -  >  a . / ( sup  b - )  >  n i n ( i n f  a r l \ , a - l ( sup  b . ) )
"  i < n  ^  

i > N  
- -  "  i < N .

LeDroa I follords by first picking N large enough and then lettiDg n

gron unbounaled.

COR0LLARY. The eonditions n:nd \ - and n inf hi + - d?e' 1 < n '

equiualeht. Fu'thetno"e, the conditions ntrd/log 1og n9 - and.

n inf hi/ log 1og n + - a."e equi,alent.
i<n -

LEMMA 2. Let K be a bounded p"obqbilitA densitA, Let Condition A hold,

and Let h \ o, rht
n

r{r'ld r{<*-xr)/r,o)} + r(") .

P?oof, We need only shov that

(13) 
/r,rr-d r< <"-r) lr,o) f (v) av - f(x)l

<.ifir-d 111x-y)7rr,,) lr(y)-t(x) lay I o .

Let S(o,p) be a closed sphere in Rd centered at q rrlth raallus p aotl
tet (.)c clenote the conpleqent of a set. We can uppe! bound (13) by

(ph-) -d /  u  l r  ty l - t  { * l  layn s(x,"phD)

+ n ln (sup r (y ) ; (sup  f (y ) )  /  * , " r0 " )  ,  ,
s "  (x ,p )  sc (x ,p )
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where M = sup K(y)  and p is  chosen. The last  term can be nade sna1l

by choice of  p i f  e iEher K has compact support  or  f  is  bounded,

The f i rs t  term is snal l  for  large n i f  hn I  O 
"na 

*  is  a lebesgue

point  of  f .  Expression (13) can also be upper bounded by

s u p  l r t y l  -  r r * ) l  +  r t * )  ^  f  * , r r o ,  +  p - d  : u p  l l y  
d x r u r

s ( x , o )  s ' ( x , 6 / h n )  s ' ( x , o / h n )

I f  x  is  a cont inui ty point  of  f ,  then we can make the f i rs t  lern

sma11 by choice of  p.  The last  t ro ternrs are sDa11 for  large n i f

a n d  r I  h  + 0 .( ) , ,  n o t c l s t  r . L  K  r s  l n E e g r a b l e .
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