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ABSTRACT. Level-Compressed (in short LC) tries were introduced by Andersson and Nilsson in 1993.
They are compacted versions of tries in which, from the top down, maximal height complete subtrees
are level compressed. We show that when the input consists of n independent strings with independent
Bernoulli (p) bits, p # 1/2, then the expected depth of a typical node is in probability asymptotic to

loglogn
IOg (1 — %) ’
where H = —plogp—(1—p) log(1—p) is the Shannon entropy of the source, and H_o, = log(1l/ min(p,1—
p)). The height is in probability asymptotic to

logn
Ha

where Hy = log (1/(p? + (1 — p)?)).
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Introduction

Consider the complete infinite binary tree B in which we associate with each node v € B the bit
string by, ..., b; that describes the path from the root to u. The lenghth of this path, or the distance to
the root, is denoted by 6(u). The number of zeros (left edges) is denoted by L(u), and the number of
ones by R(u) (note that 6(u) = R(u) + L(u)). Define the function

p(u) = npP) (1 — p)Ev).

Note that this is nothing but n times the probability of reaching u if we flip independent biased coins,
and travel from the root down, going left with probability 1 — p and right with probability p. This simple
labeled binary tree will be essential in understanding our analysis of LC tries.

Tries are efficient data structures that were initially developed and analyzed by Fredkin (1960)
and Knuth (1973), and intended to store n strings X1, ..., X;. The binary expansion of X; gives rise to an
infinite binary string (X;1, X;o, ...) which in turn defines an infinite path in a binary tree in the following
manner: from the root, follow the X;i-st child, then its X;9-nd child, and so forth. The collection of
nodes and edges visited by the union of the n paths is the infinite trie T’ oo. It is of course embedded in
our complete infinite binary tree B. In this paper, we will assume throughout that Xy,..., X, are i.i.d.
(independent and identically distributed), and that (X;1, X;2,...) are independent Bernoulli (p) random
bits, a “1” occurring with probability p € (0,1/2]. The probability that the path for X; visits u is

PR (1 - p)EW.

The expected number of paths that visit u is u(u). The actual number of paths that visit w is a binomial
(n, u(u)/n) random variable, which we shall denote by N (u).

The trie Tj, is the subtree of T}, oo that consists of all nodes v with N(u) > 0 and N(v) > 1,
where v is the parent of u. It is easy to verify that if the input strings are all different, this tree is finite
and has n leaves. Also, for u € Ty, N(u) is the number of leaves in the subtree rooted at u. Let us
introduce the random variables Z(u), where Z(u) is the largest integer such that the complete tree of
height Z(u) and rooted at u is embedded in T},. This means that all 22(%) nodes at distance Z(u) from
w exist in Tj,, but not all 22(W)+1 nodes at distance Z(u) + 1.

The LC trie is a further compactification of 73, in which the following operation is repeated
recursively from the root down: denote the 2% (") depth Z (r) descendants of the root r of the trie T, by
u;, and let the subtrees of the u;’s be Ti/, 1<i< 2Z(r) In the LC trie, create a root node that corresponds
to r, and give this root 2% (r) children, each corresponding to a u;. Apply the level compression process
recursively to each Ti/ . The resulting (usually non-binary) tree is called the LC trie. Note that in LC tries,
the number of children of each node is a power of 2. For compact and simple array implementations, we
refer to the work of Andersson and Nilsson. The idea of level compression was proposed by Andersson
and Nilsson (1993). LC tries are first defined there, and an early average case analysis may be found
in that paper and in Andersson and Nilsson (1994). LC tries were suggested by Andersson and Nilsson
(1995) for string searching, as improvements of suffix trees. Nilsson and Karlsson (1998, 1999) noted their
usefulness for fast address look-up for internet routers and IP address look-up. Experimental comparisons
can be found in Iivonen, Nilsson and Tikkanen (1999) and Nilsson and Tikkanen (1998).
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FIGURE 1. A standard binary trie and the corresponding LC trie.

The quantities of interest to us in a trie or LC trie are Dy, the depth of the n-th string (which
is thus also the depth of a typical string, as all tries considered here are permutation-invariant), and Hp,
the height of the LC trie.

Andersson and Nilsson (1993) showed that for p # 1/2,p € (0,1), E{D,} = ©(loglogn). Devroye
(2001) showed that for p = 1/2, Dy, ~ log® n in probability, and provides various tail bounds. We note
below that for asymmetric tries (p # 1/2), Dy, is of the order of loglogn in probability. This is due to
the fact that in the symmetric case, Z(r) is close to loggn — O(loglogn), and thus, the 22(r) subtrees
of the root after compaction are of order logn. After k iterations of compaction, the subtrees drop to
about the k-times iterated logarithm of n. In the asymmetric case, Z(r) is of the order of a constant
times logn, with the 22 (") subtrees having varying sizes. Those that matter, i.e., those that have the
bulk of the strings visiting them, are of size about nf for some 3 € (0,1) depending upon p only. After
k iterations, the typical subtree sizes drop to about nﬁk, and this is of constant order when k is roughly
loglogn. The idea, then, is to get a good grip on the exponent S.

It is helpful to introduce the Rényi entropy He of order a (see Szpankowski (2001, p. 157)):

_ log(p* + (1 —-p)?)
l-a

Ha
where H,, decreases in a. Important values are
H-—co = —log(min(p, 1 — p));
Ho = log 2;
H1 =H = —plogp— (1 —p)log(l — p)(the Shannon entropy);
Hy = —log (p2 +(1 —p)g) ;



Hoo = — log(max(p, 1 — p)).

In this paper, we obtain the following law of large numbers:

THEOREM 1. For a random LC trie with p € (0,1), p # 1/2,

log1
D, — o8 08T — = O(logloglogn)

log (1 — %)

in probability.

The height of the random LC trie was analyzed by Devroye (2002) for p = 1/2:
Hy,
logo n

—1

in probability. This result will be extended here to the asymmetric Bernoulli model. We note that the
height is much larger than the depth because of a simple probabilistic phenomenon, the likelihood of a
long common prefix among two strings. In fact, it is very likely that there are two strings that agree in
their (2logn)/Hy first bits. Half of these bits get level compressed to about O(loglogn), but the second
half “sticks out”, and is not compressed at all, leading to a height of roughly (logn)/Ho.

THEOREM 2. For a random LC trie with p € (0, 1),

1
Hy — 8n _ O(loglogn)
Ho

in probability.

THE MAIN PARAMETERS FOR RANDOM TRIES. The asymptotic behavior of tries under the uniform
model is well-known. The height is studied by Régnier (1981), Mendelson (1982), Flajolet and Steyaert
(1982), Flajolet (1983), Devroye (1984), Pittel (1985, 1986), and Szpankowski (1988, 1991). For the
depth of a node, see, e.g., Pittel (1986), Jacquet and Régnier (1986), Flajolet and Sedgewick (1986),
Kirschenhofer and Prodinger (1986), and Szpankowski (1988). For example, it is known that

2logn

Hy ~ in probability.

2
This is asymtotically exactly twice the value for the random LC trie, regardless of p. The limit law of
Hj, was obtained in Devroye (1984). For other models, we refer to Devroye (1982, 1984), Régnier (1988),
Szpankowski (1988, 2001) and Pittel (1985).



LC tries: analysis of the depth

Assume without loss of generality that 0 < p < 1/2. We obtain upper and lower bounds for Dy,
separately. In fact, it is convenient to work with D11, as X,,+1 is independent of T;,. The proof in this
section evolves around the following idea: associate with each node w in the infinite trie the expected
number p(u) of strings that are expected to visit it. Truncating this tree to all u with u(u) > clogn yields
a deterministic binary subtree. LC compression applied to this tree yields a tree in which the path of
X411 1s easy to trace, and in which all compression levels are explicitly known, as pu(u) > clogn implies
that N(u) > 0 with overwhelming probability. With this argument, the lower bound is somewhat easier
to deal with than the upper bound.

LEMMA 1. There exists a constant M > 0 such that

loglogn — logloglogn — M

lim Pq Dpy1 < =0.
n—oo 1
log (71_71)
log(1/p)
PrOOF. Let wg,u,... be the nodes on the path of X, ;1 in the original trie. We will require the

quantities N(u;), u(u;), R(u;), L(u;) and Z(u;). The index 4 refers throughout this proof to the path
distance: i = 6(u;). By the law of large numbers, we have R(u;)/i — p in probability and L(u;)/i — 1—p
in probability. By Hoeffding’s inequality (Hoeffding, 1963), for a sequence of positive numbers a; tending
to 0 with ¢, and for 0 < € < 1, using the event

A

R(.ui) —p’ < ai:| )

7

we have -
-2
P{A} <) 2e720 <
=1
if we take a; = y/log(2i(i + 1)/€)/2i. Thus, on A, we have for all 4, if § denotes an arbitrary number with
absolute value less than or equal to 2log(1/p),

log p1(u;) = logn + R(u;)logp + L(u;) log(1 — p)
= logn + i[(R(u;)/7)logp + (L(u;)/1)log(1 — p)]
=logn +ifplogp + (1 — p) log(1 — p)] + fa;
=logn —iH + ba; .
Consider integers a,t > 0 and observe that if v is the rightmost descendant of u, a levels below

u, then, for any wu,

P{Z(u) > a+tN(u)} <P{N(v) > 2'|N(u)} <P {binomial(N(u),p") > 2‘|N(u)} .



Thus, for any u on the path for X, 1, at distance ¢ = §(u) from the root, N(u) is clearly binomially
distributed for any u, and this remains true if we condition on A, as X1 is independent of X1,..., Xy.
Therefore,

P{Z(u) > a+1|A} < P{N(u) > 2u(u)| A} + P {N(v) > 2!|N(u) < 2ps(u), A}
< P {binomial(n, u(u)/n) > 2,u(u |A} + P {binomial(|2u(u)],p") > 2t|A}
u))

< E{eCnlu |A}+E{< ) 2t}A}

_Cne—iHe—0la; (2u(u)p™)?
<e© —|—E{ @), A}

. 2
<2ne—z'He|0\a1pa)
= @)1

A

C'—iH 2
(ne”)

= e 1

where C' > 0 is a universal constant (Hoeffding, 1963), C' = log 2+2a; log(1/p), and C” = Ce~2l08(1/p)ay

We define L
log (nec *’H)
alu) = | ———=
log(1/p)
to get the bound
—i 1
P{Z(w) > a(u) + t|A} < e C"me T 4 o
With
() logn —iH +C'
a(u)= —-——————,
log(1/p)
we have

—iH 1
P{Z(u)>a (u)+t+1]A} <e O 4 o
And from this, with ¢ > 1, and
B= N [Z(u;) < () +t+1],
0<i< log n—c”_ltoglogn

we note that
logn—cloglogn
H

Ppaps S eI s <1 + _1°§”> ¢—C"llogm)®
=0 (24)!

1+ lo7g_ln

(29!
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FI1GURE 2. The depths of the nodes on the path of X, 1 at which
compaction takes place are denoted by dg =0 < d; <do < ---.

Denote the depths of the nodes on the path of X, at which compaction takes place by dy =
0 <dy <dg < ---. We stress that these are depths in the original trie, measured as path distances from
the root. We have
djy1 =dj + Z(udj)
for all j. Assume that both events A and B occur. Then, for j such that d; < (logn — cloglogn)/H,
logn —d;H + (o4

A . t+1
) < gty T
and thus,
H logn p
dig1<d; |1— t
= J( logu/p)) log(1/p) "

!
where t' = log(C—l/p) +t+ 1. It is easy to prove then by induction on j that

- (1 ) : togn (1 )

< [ logn +t’} o log(i/p)) _ logn  t'log(l/p) % log(1/p))
7~ [log(1/p) H/log(l/p) — H H H

We choose £ such that d¢ < (logn — cloglogn)/H (the range for which the above induction argument is

valid) and B* = [N (Udf) > 2] occurs with high probability. The inequality on d¢ holds if we have

H 13
t' log(1 —logn (1—7) < —cloglogn,
g(1/p) — log Tog(1/p) glog



which is satisfied if

loglogn — log(cloglogn + t' log(1/p))

5:
1
log (%%)
og(1/p)

In that case, we can conclude that D1 > £&. We see that on A and B, with C""" = exp(—21log(1/p)a1),

/J(Udg) > C///nefdgH
> "t og(1/p) ), (1=H/ log(1/p))*®
> Cmeclog logn
= " (logn)".
Thus, Ugy s for n large enough, falls in the tree S;, defined in Lemma 5 below, and thus, by that Lemma,
nlLrI;o P{N(udg) <2} =0.

Summarizing, we have

P{Dy11 < €} < P{A°} + P{B|A} + P{(B)|4, B}

logn

logn\ _c"aognye | 1+ T
< 14 25" ogn)® L =T H_ 1
_e+(+ H)e + @), +o(1)

=e+o0(1)

provided that ¢ > 1 and (2!)!/logn — oco. A simple choice like ¢ ~ loglogn will do. This implies that
t' = O(loglogn), and thus, as € was arbitrary, we showed that there exists a constant M > 0 such that

log1 — loglogl - M
nhngop Dyiy < oglogn — logloglogn —0.0

1
log | —w—
log(1/p)

For the upper bound, we argue in two steps.

LEMMA 2. Ifa >0, b > 1 and the integer n are fixed, then

7
n e—a/b

—a/b*
;e < 1— e—a(b—1)/b""

PROOF. Rewrite the sum as

o—a/t" Z o—alb'=1)/b" < e/t Z o—ai(b=1)/b"
i=0 i=0

from which the inequality follows immediately. []

In the first step, we establish an upper bound of O(loglogn).



LEMMA 3. There exists a constant K > 0 such that

nlirgoP{Dn+1 > Kloglogn} = 0.

PRrROOF. We use the notation of the proof of Lemma 1. Consider integers a,t > 0 and observe that if v;,
1 < j <29t are the descendants of u, a + 1 levels below u, then, for any wu,

2a+1

P{Z(u) < alN@w)} < 3 P{N(vj) = 0|N(u)}
j=1
a+1

< Z <a + 1> {binomial(N(u),pk(l —p)ati=hy = 0|N(U)}

Thus, for any u on the path for X, 11, at distance ¢ = §(u) from the root,
P{Z(w) < a|A} < P{N(w) < p(u)/2/A} +E { VO IN (W) > pu(u) /2,4
< P {binomial(n, j(u)/n) < p(u)/2|A} + E { a2 4]
< B{e On)a} 4+ feot o2 4}

eane_l He—10la; _|_ea+17ne_”"e_|9|%pa+1/2

IN

< e_C//ne—i’}-( a+1—C’mne_ina+1/2

+e

where C > 0 is a universal constant (different from that in Lemma 2), and C” and C"" are defined above.
Define

(u) = logn — iH — 2loglogn
T log(1/p) ’

and note that 1 . 2
—1 _logm _ ~111
P{Z(u) < a(u)|A} < eio//ne H n 62+ Tog(1/p) C"(p*/2)(logn) '

Finally, set

B= N [Z(u;) > a(uy)],

._logn—3loglogn
0<i< —=—=——

and observe that for n > 3

logn  ~1ry 2 2
P{B‘lA} < <2+ 1%) X <eC”(10g")3 4 X Togli/p € (P7/2)logn) > 0

Denote the depths of the nodes on the path of X, at which compaction takes place by dg =
0<d; <dg <---. We have
djp1 =dj+ Z(udj)
for all j. Assume that both events A and B occur. Then, for j such that d; < (logn — 3loglogn)/H,
logn — d;H — 2loglogn
log(1/p)

Z(uq;) =



and thus,
H logn — 2loglogn

diz1>di (11—
st < log(l/p)> T log(1/p)
It is easy to prove then by induction on j that

dj = log(1/p) H/log(1/p) - H - H

Define the semi-depth D}, | of X;, 11 as the largest integer j such that

. SRY
logn — 210glogn} " 1—(1—H/log(1/p))? S logn — 2loglogn logn (1 - log(l/p))

logn — 3loglogn
d; < .
J H
Note that necessarily, replacing j by D}, | above, if A and B happen,

H Dps1
logn — 3loglogn > logn — 2loglogn — logn (1 — 7)
log(1/p)

and thus,

X loglogn — loglog logn.

n+1 <
log (71_1H>
log(1/p)

—d yx H
Pri1”  (logn)?

ne
< <
n (Ud1+D:<l+1 ) = om ="com

) is stochastically less than a binomial (n, (logn)3/(C"'n))

If A occurs, then

Thus, conditional on A A B, N (ud1+D*
n+1
random variable, which we call R. [We say that X is stochastically greater than Y if for all z, P{X > z} >

P{Y > z}.] Observe that Dyy1 — (1 + D} ) is bounded from above by a random variable distributed
as Dp1, because subtrees of tries behave as tries. Note that Dp1 < Hp, where Hj, denotes the height
of the uncompacted trie with n nodes. From the results cited in the introduction, and the weak law of

large numbers for the binomial, we have

7loglogn

PeDRry1 > —7———~
log (p2+(1—p)2)

inomi log n)? 2 7logl
< P{AT 4+ P {bmomlal (” (gg,,fjf ) > 7 (log n)3} +P S Hiyomy(logn)? > 10#
°8 (W)

log 1 — loglogl 7logl
oglogn ogogogn+1+ oglogn

log (%) tog (i)

P Dn+1 >

log(1/p)
< P{A°} + P{BC|A} + o(1) < e+ 0o(1).

10



Thus, as € was arbitrary, we showed that there exists a constant K > 0 such that
lim P{D,+1 > Kloglogn} =0.]
n—oo

Finally, we obtain a more refined upper bound.

LEMMA 4. There exists a constant M > 0 such that

loglogn + M logloglogn

1
log | —w—
log(1/p)

PROOF. We use the notation of the proof of Lemma 3, and the following corollary of it:

2(logn)3 2(logn)?
P {DR+1 > Kloglog (%) )A} <o(l)+P Dy 1ogny3 | = Kloglog (Lgmn)) = o(1).
CI/I +1 C

=0.

lim P Dn+1 Z
n—00

From the distributional inequality
Dpi1 = (1+ Dpyq) < Dpya,

we conclude the following:

loglogn — logloglogn

1
log pE—
log(1/p)

< P{A°} + P{B°|A} + P {DR+1 > Kloglog (M) ]A} <e+o(1).

P Dpyr1 >

2(logn)? >

+ 14 K loglog <T

This completes the proof of Lemma 4. []

The height of the asymmetric LC trie

Consider the deterministic binary tree Sy, consisting of all nodes u with p(u) > clogn. We show
that very likely T}, contains S,.

LEMMA 5. Fixc¢ > 1. Then

_ 2n(1 +clogn) .
P{Sw CTu} 21 (clogn)(n/e)¢

as n — oo. In fact,
lim P{min N(u) <2} =0.

n—oo  "yeSn

11



PROOF. Observe that N(u) is binomial (n,pu(u)/n) and is thus stochastically larger than a binomial
(n, clogn/n) random variable for all u € Sy,. For any such u, we have

P{N(u) < 2} < P{binomial(n,clogn/n) < 2}
(1 — clogn/n)" 4+ n(clogn/n)(1 — clogn/n)"*

< (1 + clogn)(1 — clogn/n)" 1
_c(n—=1)logn

< (1+clogn)e n

< (1+clogn)

(n/e)

Now note that |Sy| < 2n/(clogn) and conclude by the union bound. []

LEMMA 6. Assume p < 1/2 and [Sy, C Tp,]. Let A(u) denote the LC trie depth of a node u € Sy, that is
present in the LC trie after compaction (recalling that the LC trie has fewer nodes than Ty,). Then

Au) < {mw - [%w ’

log(1/(1 - p))
log(1/p)

where

=1

PROOF. Note that Z(u) defined on Sy, is necessarily smaller than Z(u) for Ty, so to prove Lemma 6, it
suffices to consider Sy,. Note that a node u € Sy, has Z(u) = d if the nearest descendant outside Sy, is at
distance d + 1. Thus, we must have

/J(U)pd > clog n,,u(u)pd+1 < clogn.

Therefore,

()
log (clogn)
log(1/p)
Consider any sequence of nodes in Sy, with ug the root, and u;11 a Z(u;)-level descendant of u;. Then

Z(u)+1>

w(ug)
clogn

pisr) < plu)(1 = p)20) < p(uy)(1—p) 6W/m) < alu(u;))?

where o = (clogn)' /(1 — p), and we note that 8 € (0,1). By repeating this, we have

log(

i i— i logn x nﬁi
Y < B It BE BT £ /(=P80 clogn X T
plu;) <nP a <a n (1= /0P

the upper bound is not more than celogn. Let k be the smallest integer such that e(1 — p)¥ < 1. All

For

k-level descendants of such u; (in the original trie) have p-value less than (1 — p)kce logn < clogn and
fall thus outside Sy,. The Lemma has been proved. []

Theorem 2 is implied by Lemmas 7 and 8 below.

12



LEMMA 7. Let wn T oo arbitrarily slowly. Then

lim P{ H, < log”_l“’" —0.
o tog (i)

PROOF. Assume without loss of generality that p < 1/2. Let U be the collection of all nodes u with
wu(u) € [1,1/p] such that no child v of w has u(v) € [1,1/p]. Let N be the number of nodes u € U
with N(u) = 2. Note that no two nodes in U are ancestors of each other, so that clearly, |[U| > np.

Furthermore, the vector V' def (N(u) : w € U) is multinomially distributed with probabilities all between
1/n and 1/(np). Therefore, each individual N(u) is asymtotically stochastically bounded by a Poisson
(1) random variable from below and a Poisson (1/p) random varable from above. It is easy to show
that there exists a constant ¢ > 0 such that P{N > c¢n} — 1. If we condition on the vector V, then
the subtrees rooted at u € U are independent. Consider a particular subtree with N(u) = 2. Let W(u)
denote the number of consecutive bits, starting at u, in which the two strings in the subtree of u agree.
Observe that
P{W(u) > L} = (0 + (1 - p)H)".

Therefore,

P{Hy < L} < P{Nyepnuw=alW(u) < L]}

—E P{W( ) < LIN(u) = 2}

ue€U:N(u

{r
.
{%UN (1- w2+ -p))F)
{

—E{(1-(p*+(1- ))L)N}

<E p+1p)L}

< P{N < cn}+enlp “+1-p)h*

— 0

if we set L = (logn — wy)/ log(1/(p? + (1 — p)?)), where wy, — oo arbitrarily slowly. []

LEMMA 8. Let wn T oo arbitrarily slowly. Then

logn + 2loglogn + wy,

lim P< Hy > ! =0.
n—oo
log (pZJr(lfp)?)

PROOF. Assume without loss of generality that p < 1/2. Let U be he collection of all nodes u with
wu(u) € [2logn, (2/p)logn] such that no child v of u has u(v) € [2logn, (2/p) logn]. Note that no two nodes

in U are ancestors of each other, so that clearly, |U| < n. Furthermore, the vector V' def (N(u) :ueU)
is multinomially distributed with probabilities all between (2/n)logn and (2/(np))logn. If we condition

13



on the vector V, then the subtrees rooted at u € U are independent. Consider a particular subtree rooted
a u. Let H(u) denote the height of the subtree (with LC compaction) rooted at u. Observe that

P > V) < (V) 0P + - p)

Therefore, if D(u) denotes the LC-depth of node u, using Hy, < max,cy(D(u) + H(u)), for C > 0,

P{H, > L+ Cloglogn} <P{U,cy[H(u) > L]} + P {ma(:}(D(u) > Cloglogn}
uc

< nLneaédli{(N(U))Q}(P2 +(1-pAHl+p {rl?eaécD(u) > Cloglogn}

1 1
< 08" <1 + ﬂ) (p2 +(1 —p)Z)L +P {maXD(u) > Cloglogn} .
P D uelU

The first term tends to 0 with n if we choose L = (logn + 2loglogn + wy)/log(1/(p? + (1 — p)?)), where
wp, — oo arbirarily slowly. If U C S,, C Ty, then max,cy D(u) < Cloglogn for some constant C, by
Lemma 6. Thus, the last term in the upper bound is further bounded by

P{S, ¢ Ty}
Taking ¢ = 3/2 in the definition of Sy, insures that U C Sy, and that P{S,, ¢ T,} — 0 (Lemma 5). []
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