
.  . i  i  k  t - r i i , "  l ; } i 'w i5+ i  ;  . . ,  , . . ; : . :  r , .
ATTIERICAil .,OURNAL OF TIIATH,E]IIATICAL AND MANAGEIIIENT SCIENCES
Coeyrlghlc lell by ArDadcan Schmaa Prars. lm.

;

1 ,  r ' ,
THE SERIES }fETIIOD FOR. RAIIDOM. VARIATE GENEMTION

, AND'ITS lFPlrcArro{ To rHE
.KOLMOGOROV. - SMIRNOV DISTRIBUTION

*."rli"ulil::l:.,
School of Comptiter Science

S05,Sherbrooke Street Wesr
Montreal, Canada H3A 2K6

SYNOPTIC AsSTRACT

This paper presents a,serles method for the computer genera-

tion of a random variable X trith density f when f = lirn f- n
rPo 

- -

=  l f tn  g  and f  and gn  are  g iven sequences  o f  func t ions  sa t is -- n n

rP@

fylng f i f t go; f is never evaluated. This nethod can be

used when f is glven as an inf inite series. Three conpldte

examples are given, and a computer progr€rm is included for the

generation of random variates from the Kolmogorov-Snirnov dis-

tr ibution.

1. IMRODUCTION

Consi-der the problem of computer generation of 'a random var-

iable X with density f ,  where f is a (complicated) function

which can be approxirnated from above and below by simpler func-

t ions f_ and g_ . In part icular, assume that:n - n

(i) there exist sequences of functions f '  and gn such

that

f r ,  t t > g n r f o r a l 1 n ,  ( l )

where

( i i )  f - + f , B - + f  a s n + @  tn - - n
and

(i i i )  there exists an integrable nonnegative function h

such that
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h > f  
( 2 )

l lere h is proport ional to a density which is easy to sample from'

and fo and go are sequences of functions which are easy to eval-

uate. (Note that Bn is not necessari ly posit ive' and that fn

need not be integrable') The fol lowing re-iect ion-type algori thm

"a-" 
Ue 

"tga 
t" g"""ttt" x'

Algori thm SO (The Series Method) '

0 . l G e n e r a t e X w i t h d e n s i t y c h ( c i s a c o n s t a n t ) ' g e n e r a t e

an independent uniform (0'1) randour variate Ut set n = 0

and T  =  Uh(x) .

0.2 n = n*l .  I f  T < fn (X) '  exit  l t i th x'

0 . 3  I f  T  >  c n  ( x ) ,  g o  t o  0 ' 1 '

0 . 4  G o  t o  0 ' 2 '

f (x )  =  h (x )  (1 -ar (x )+ar (x ) -a r (x )+" ' )  
(3 )

(where ao is a sequence of functions satisfying

arr(x) * 0 '  for al l  x '  (4)

and h is a nonnegative integrable function) then X can be gener-

a ted  bY:

Algorithm 51 (The Alternating Series t" lethod) '

1.1 Generate X with density ch (c is a constant) '  gener-

a t e a n i n d e p e n d e n t u n i f o r m ( 0 , 1 ) r a n d o m v a r i a t e U '

s e t n = 0 a n d T = 0 '

l . Z  n = n * l  , T = T * a r r ( X ) .  I f  U > T , e x i t w i t h X '

1 . 3  n  =  n * l ,  t  =  T - a n ( X ) '  r f  u  <  T '  g o  t o  l ' 1 '

1 . 4  G o  t o  1 . 2

' f < h

and k i 
k+l

1  +  T  ( - l ) ' a . t * )  <  * * *  s  1  +  I  ( - l ) ' " r ( x ) '  k  o d d '
-  

l - "  
* j  ' ' - '  h (x )  j l r  J

1 = r

tance/re ject ion method wi th squeezing'  wi th the specia l  feature

that  f  or  f /h need never be computed.  so requires the evaluat ion

of .  h,  however.  For recent  detai led descr ipt ions of  the accept-

ance/re ject ion method, see Vaduva (Lgl7) '  Tadikamal la (1978) '  or

Tadikarnal la and Johnson (1981) '  For the squeeze method'  see

Schmeiser and Lal  (1980) '

Egr examPle, if

f ( x )  =  h ( x )  e x P ( - a r ( x )  +  a r ( x ) " ' )

whe re  h  >  0  i s  i n reg rab le ,  and  an (x )  *  0  f o r  a l l  x '  t hen  x  can -

be qenerated bv
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Algor i thm 52 (Thd Eiponen t ia l  Sdr ies Method) :  
'

2 . I  Gene ra te  X  w i t h  dens i t y  ch  ( c  i s  a  cons tan t ) ,  gene ra te

an independent exponent ia l  random var iate E ,  set  n = 0

a n d T = 0 .

2 . 2  n = n * l  , T = T + a r r ( X ) .  I f  E ) T , e x i t w i t h X .

2 . 3  n = n * l  , T = T - a - ( x ) .  I f  E < T , B o t o 2 . L .
n

2 . 4  G o  t o  2 . 2 .

Some exanples are given in Sections 3 and 4, and the

average t ime taken by algor i t t rn Sl  is  analyzed in Sect ion 2.

Exper imental  t imings are.  inc luded and show that . . for  some distr i -

but ions where f  contains t r igonometr ic  and/or  exponent ia l /Logar-

i thmic funct ions some savings can be obtained v ia our methods

unless random var iates for  the dist r ibut ion in quest ion can be

obtained in a vety s imple fast  way by other mear is (e.g. ,  as for

the exponent ia l  d ist r ibut ion).  An example Ls included for  which

the ser ies method seems the only feasib le nethod of  randon var-

i a t e  gene ra t i on  ( i . e . ,  t he  Ko lmogo fov -Sm i rnov  d i s t r i bu t i on ) .

2. AI{ALYS-IS OF ALGORI,TUII S1..

Let  X be a random var iate generated by algor i t lun S1, and let

N, be the number of  t ines step l . i  in  the algor i thn was execut6d,]"
1 < I <,4. We wil l  show that when aO = I ,  and ao and h satisfy

(4 )  and a t (x )  s  1  ,
( r )  P ( N 2 <  - ) = 1  a n d

2 r(1r)  E(N2)  -  I_  i / r ' t " )  tar r_r(x)  -  ar r (x) )dx.
1 = 1  t  - - -

Since N, 3 N, for  a l l  
, i  

r  i t  is  c lear that  the ProPert ies of  N,

are essent ia l  for  the study of  the. t ime taken by Sl .  Note that
, )

(1) is necessarry in order for Sl to halt  with probabil i ty one.

It  is possible however that E(Nr) = o -
z  . .

Proo f .

( i )  i s  t rue  in  v iew o f  (4 )  and s teps  1 .2  and 1 .3  o f  51 .

For (11) ,  let (XrU) be a palr of randon variates g'enerated , in

s tep  f . i . '  Def ine  event  A  by  " (x ,U)  w i l l  be  accepted ;  i .e . ,

Uh(X)  s  f (X) " .  Now ,  l
I

P(N2=i lA) = 
, /  

n<*l  Grr_r(x) -  arr_r(x))dx -  pi

and

P(N2=i lal=r/n<*l  (a^-r(x) -  arr(x))dxJ/y 'ncxlax- lJ = e, ,' l t r

where I denotes the complement of A . Since on the average
T
lh(x)dx pairs (X,U) are needed, we have

I

P(Nz )  I  i p i  *  t  h ( x )dx - l J  I  t n r ,

1 i
fron which (1i) follows.

&



3. THE EXPoNEMISL 4{D RAAB":94EFN .DIsrRIBUrIoNs.

The exponentlal digtribution. It is knosn that for all odd

k ,
k - l  ' t  k i

I  t - r l r  +  = . - *=  I  ( - r ) rF ,x>0.
j = o  J  '  j = o

For the generation of exponential random variates, we can use S0

with a vell-chosen function h . We choose h fron the fanily of

dens i t ies

ot 
, ,  ,  x > 0 , n > 1 integer '

(x+a) n+r

where a > 0 is a parameter. Note that this is the density of

_ !
a ( u  

n  - t )

when U ls a uniform (0,1) randon variable. I t  is also the den-
- 1

s i t y  o f  a  n a x  
- ( U r , . . . , U n )  -  1 )  w h e n  U ' , . . . , U '  a r e  i n d e p e n d e n t

and identical ly dlstr ibuted unLform (0,1) random variables. Since
-x , .n*1

e  "  ( x + a ) " ' -  i s  m a x i m a l  w h e n  ( n + 1 )  =  x * a ,  i . e .  x  =  n  +  1  -  a ,

we see that 

o-X ' Y ,'.n
' 1

(x*a)n+

where y = isjl
a - n

e a Now, ea u-o i" ml-ninal when a = n

rhus ,  choos ing  a  -  n ,  y , " * f :  
* -  

=  ( r  +  aJ* t  
*  

+  r  as

n *  -e  .  In  par t i cu la r ,  fo l  n  =  1 ,2 ,3  we ob ta in  I  =  1 .471518 ,
( 3 / 2 ) '  -  4  

r

+  
-  =  L .24L5gr ,  Y  

=  L .L6267g.  s ince  the  re iec t ion

rate decreases with n , but the tfttre needed to obtain a random

variare wLth density l /( l+x/n)n*l ( ." ,r1t"*-11u, u-) - 1))' I r . . . ,  n

increases sith n , we exPect that the best perfornance is ob-

tained for some small n (the value n = 2 will be suggested

below). The aLgorithm version for the exponential dlstr ibution

wLth mean I is:

0.1.8. Generate n > 2 lndependent uniform (0,L) random vari-

a t e s  U r , . . . , U ,  L e t  U  =  u r a x ( U r r r . . , U n )  I f  U t  =  U r

interchange U, and Ul Set X = n(l /U - 1) ,

ur n*l

r = t(-|)un+I - , = r ul un- L where t = ,+, 'i

[Note: Ul/U is uniform (0'1) and independent of U ;

un* l  =  t /  ( r  +  
* ,  

" * t ,  r f  T  >  o  ,  Bo  to  o . l .E .

S e t i = 0 , P = 1 .

n*1

65



0 . 2 . 8 .  j = j + l  P = P x / j  r = r + P

I .

0 . 3 . E .  j = j + l  P - P X / j  r - r - P

0 . 1 .  E .

I f T < 0 , e x i t w i t h

I f T > 0 , g o t o

0 . 4 . 8 .  G o  t o  0 . 2 . E .

Several remarks here wil l  i l lustrate some dansers of the

ser ies method.

ave rage .  C lea r l y ,  E (N1 )  =  y  A1so ,  E (NO)  =  y  E (NO)  whe re  NO

is the number of  v is i ts  of  step 4 before an exi t  (s tep 2)  or  a

re tu rn  t o  s t ep  1  ( see  s tep  3 ) .  Fo r  t he  p roo f  o f  t h i s ,  l e t  NO( r )

(Na(a))  be the number of  v is i ts  of  step 4 given ul t imate re jec-

t i on  ( u l t ima te  accep tance ) .  Then ,

E( ! i4 )  =  (E(Nr )  -  l )E(No( r )  +  E(N4(a) )

1r-Ur) E(N4(r))  (Uv)E(No(a) )
+ Ln-= \ E ( N  

4 )
But Ll^t

IP ( N ;  >
, - . ; . n * l
( I+-,1

n

i )< r
I
0

tu ! -  dx  + l  I  dx
I (2DI t" 

1t+x/n)n+l
o 2i+1

_ c - - -
( 2 j - + 1 ) t  ( t * g J n

_-2.1f.1.

f o r a n y c > 0 .  r f  w e r a k e . = ( ? i t ! .  )  
2 1 * 1 + n  

- + , t h e n t h e

upper bound becomes asymptot ic  to

QDN/';X

.  , n e ,  n  , n e . n+ ( f )  -  ( 2 i ) - a s i + '  ,

o ? t r
by  use  o f  S t i r l ingrs  fo rmula .  Thus ,  E(NO)  =  

i  
* (Na >  i )  <  *  fo r

r *
n > 2. For n = 1 , with sorne work, one can show that E(Na) = -

(s tep  t  has  to  be  rep laced by :  genera te  Ur ,U,  indePendent  
a

un i fo rm (0 ,1 )  randon var ia tes ;  se t  X  =  L /UL -  1 ,  T  =  Y U2 U i  -  1

w h e r e y  =  4 / e  .  I f  T  >  0 ,  8 o  t o  0 . 1 . E .  S e t  3  =  0 ,  P  =  1 . ) .

This is due to the fact that the tai l  of the dominating function
. 2  -  - x

U()<-|1)- is too heavy, and that the series approximation of e 
--

i-s too slow in the taiLl .

Rernark 2. I f  one uses the given algori thm with n = 2 '  one wil l

run into overf low problems in steps 2 and 3 since X is too large

with too htgh a probabil i ty. To guard against this'  step 1 could

be extended as fol lows:

Remark I .  The computat ion of  E(N^) is  usual ly  not  possi .b le b

analvt ical  means.  Horrever.  much can st i l l  be said about th is
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i f  X > o (a threshold) :  exi t  wi th X vhen T*1 <.e.xp(-X) '

a n d  g o  t o  0 . 1 . 8 .  o t h e r r r i s e .

The average t ine ( in microseconds) var ies f ron 30.7 (cr=0) down to

26.2 (cr=l )  and monotonical ly  back up to 30.1 (o=5).  The case

o=0 corresponds to a complete bypass of  steps 2,  3,  4 i .n the

algor i thn,  and the case o ' t@ corresponds to no bypass.  The

average t ine ( in microseconds) for  the random var iate generator

- l og (U )  whe re  U  i s  un l f o r rn  ( 0 ,1 )  i s  much  l owe r :  17 .8  (A11

timings here and below were done on an AMDAHL V7 computer using

10000 observat ions and FORTMN coding.  The uni forn random var i -

ate generator was taken from the Super-Duper random number pack-

age (see Dudewicz and Ral ley (1981) for  the code, and Marsagl ia,

Ananthanarayanan and Paul  (1973) lot  addi t ional  explanat ion).

Remark 3. A sinilar experj-ment to that descrlbed in Remark 2

was carr ied out  by the author for  the norqal  d ist r ibut j .on:  the

tai ls  were taken care of  by re ject ion f rom the Rayleigh densi ty,,
x e-x ' /2 proper ly t runcated,  and the main body was t reated using

the ser ies method, wi th re ject ion f rom the uni form densi ty.  The

average computer time was mdiway between the average tine for the

polar  method and the average t imes for  the algor i thms of  Kinderman

and Ramage (1976) and Marsagl la and Bray (1964).  The space re-

quirements were also about midway between those of  the polar

method and the Kinderman-Ramage, Marsaglla-Bray algorithns. This

si tuates the method in an area of  the t lme/space urap ( f igure B of

Kinderman and Ramage (L976))  pract ical ly  by i tsel f .  No rnethod

known to us is  both shorter  and faster .

The Raab-Green dist r lbut ion.  Consider the densl ty

f (x) = tr#".!! - 1T< x <rT .
' )  -"  

t ,

= L  t ' ,  X -  -  x '
n  . 1  - ' T - . T  + f T  - . . .  )  ,  - r  <  x  < ' I T .

T h u s ,  f  c a n  b e  p u t  i n t o  f o r m  ( 3 )  r r i t h  h ( x )  =  ! ,  -  T <  x  <  t  r a n d
T

2n
x  - .a r r (x )  = ; .O i l .  I t  i s  easy  to  check  tha t  a r r (x )  *  0  as  n  +  -  r

since

a  . , ( x )  2  - 2n + I "  _  x  . I _  < l
{-Gt- 

= 
iz*r 

-lr;I i l- =12 \r '

Densi ty f  was suggested by Raab and Green (1961) as an approxima-

t ion for  the nornal  densi ty.  Algor i thrn 51 is ,  for  the Raab-Green

d e n s i t v :

1. lRG. Generate t \^7o independent uni form (0r1)  random var i -ates

U a n d V  .  S e t  X =  n ( 2 V - 1 ) ,  r =  0 ,  T  =  0 ,  P  = ;  
.')

1 . 2 R G .  n  =  n * l ,  p  =  p x - / [ ( 2 n )  ( 2 n _ 1 ) J ,  T  =  T + p ,  r f  U  >  T  r

exit  with X .



1 . 3 R G .  n  =  n + l ,  p  =  p x 2 / l ( 2 n )  ( 2 n - 1 ) J ,  T  =  T - p  r f  u  <  r ,

go to 1,1RG.

1 . 4 R G .  G o  t o  1 . 2 R G .

. I t  is  easy to { tce that  E(N1) = 2 .  l lowever,  rde may apply the

foll,owing alias principle (l,falker (1977) I see also Kronmal and

Pe te r son  (1979 ) )  o r  band  re j ec t i on  me thod  (Payne  (1977 ) ) z

generate (X,u)  uni fo@r.  r f  
q 

< f  (X) ,  ex i t

wi th X,  and otherwise,  exi t  wi th n s ign X -  X .  X wi l l  have

d e n s i t y  f  b e c a u s e  ( f o r  0 .  * .  
t  )  w e  h a v e *  -  t , " ,  =  f ( n - x ) .

Thus.  a leor i t tm 51 can.  for  the Raab-Green densi tv.  be improved

t o :

1. IRGA. Generate two independent uni form (0,1)  random var iates

U  a n d  V  n , ^ - .  . .  n  =  0  -  T  =  0  p  =  1
S e r x = i Q v - L ) ,  D =  0 ,  T =  o , ,  = i

1 . 2 R G A .  n = n * I ,  p =  p x 2 / t ( z n )  ( 2 n - r ) _ 1 ,  T = T + p .  I f U > T ,

exit r^rith X .

t . 3 R c A .  n  =  n * l ,  p  =  p x 2 / L ( 2 n )  ( 2 n = 1 ) J ,  T  =  T - p  .  I f  U  <  T ,

e x i t w i t h  n s i g n X - X

I .  RGA.  Go  t o  1 .2RGA.

Then we wi l l  have N" = 1 (no re ject ions),  and fur thermore
I

4 4

fu o* - #b_ z o.oz54

only is  no cosine evaluat ion necessary wi th

step 4 is  reached only about 2.54% of  the

p(Nr>l-) = 2

In other words,  not

th is a lgor i thm, but

t ime.

rr l2

I*
0

The last algori thtr RGA takes 18.6 us per random variate on

the average. I f  steps 2-4 are replaced by the direct method tr l f

2U < 1 * cos X, exit  with X . Otherwise, exi. t  with n sign X-X",

then i t  takes 20.9 Us per random variate on the average. Thus in

this exaurple i t  is desirable to use the series rnethod rather than

the direct nethod.

4. THE KOLMOGORoV-S.MTRNOV DISTRTBUTTO{.

The Kolmogorov-Smi.rnov distribution functLon

e  ^ 2 2
F ( x ) =  I  < - r l n e - z n x  , x t o , ( 6 )

appears as the l imit distr ibution of the Kolnogorov-Snirnov test

s ta t i s t i c  (Ko lmogorov  (1933) ,  Sn i rnov  (1939) ,  Fe l le r  (1948) ) .  No

simple procedure for inverting F j.s knovm, hence the inversion

nethod is  l ikely to be s1ow. The densi ty f  corresponding to F is

@  2 2
^  F  ,  - . n * l  2  - 2n

r ( x , ,  =  d  Z ,  ( - 1 , ,  n  x  e  
x  

,  x  t  0  ,  ( 7 )
n=l

which is  of  form (3)  when



^ 2
h ( x ) = 8 * e - ' *  ' X > 0

, ' )
an(x)  = (n+1)2 t -2x- l (n+1)-

I t  is  known ( for  the equivalence of  (7)

and Watson (1963) or  Byrd and Fr iedman

also be r.r-ritten as

-r'J 
' x

and (9)

(1964)  )

> 0 ( 8 )

see Whit taker

t h a t F a n d f c a n

and

f (x)

This

(e )

(10)
> 0 .

( 1 1 )

ao (x)

x > 0 .

Lenma 1. The terms arr(x) in (8) are monotone * for x ,  / tTT.

The terns arr(x) in (11) are monotone * for x < r/2

Proof .  For  (8 ) ,  we have log(a-_ . ,  (x ) /a - (x ) )  =  -2  tog(1+n-1)  +

2(2*L)xz t -2n-r * 2(2n+I)x'  > -2 + 6xt > O . For (11), when n
, , r j o * ,  

=  1 2 / 4 * 2  >  1  .  A J - s o ,ls even, we have arr(x)/arr*r(x) = (n+I)-n 
. ,  ?

1og(ar r_ r (x ) /a r r (x ) )  =  -1og(  ( r *L ) 'n ' /4x ' )  +  nn- /2x-  =  ny  -2  1og( r+1)

-Iog(y/2) (vhere y - Jt2l2x2). The last expression j.s increasing

Ln y for y>2 and. al.l- n)2 . Thus it is not snnller than 2n-2

1og(n+1) > 0 This concludes the proof of Lema 1.

The monotonicity ecndit ion (4) necessary to apply algori thn

51 is  sa t is f ied  fo r  (8 )  on  (LE, -  )  and fo r  (11)  on  (O, r /2 )

The algori thn that r^7e propose to generate a random variate X from

The Kolmogorov-Smirnov f is a combination of 51 and the mixture

ne thod :

Algor i thrn SlM.

1 .0M.  (P repa ra t l on . )  Le t  c  be  a  cons tan r  i n  ( h75 ,  r / 2 )

( c  =  0 . 7 5  i s  s u g g e s t e d ) ,  a n d  l e t  p  =  F ( c ) .

1 .1M.  Gene ra te  a  un i f o rm  (0 ,1 )  r andom va r i a te  U  .  I f  U  >  p  ,

g o  t o  1 . 2 M .

Othernr ise,  exi t  wi th a random var iate X f rom densi tv

r r ( x ) = f ( x ) / p , o < x < c .

To  gene ra te  X  ,  use  51  w i t h  ( 10 )  and  (11 ) .

@  ) )  )

p G )  =  / ? "  
I  e  - ( 2 n - r ) - t - / 8 x - ,  x  )  o ,

^ n-l

/2, i rl^--+t'rt- - lr * 
-(2n-1)2n2/B*2

= x 3 x r X
n=I 4X

also fo l lows the fornat  of  (3) ,  but  now wi th

t ? ?
/  2 n  t .  _  - n - l ( 8 x - )

n (x) = ----i:- e
, a
4 X

t  2  . 2  7 .  2

(  + .  
- ( n -  - 1 ) n - l 8 x - ,  

n  2  1 ,  n  o d d ,  X  >  o
=  ) r  )  ?  )

J  { r , * t ) 2  . - [ ( n+1 ) - -1 - l n - / 8x -  r  n  )  r ,  n  even ,
T

I



1.2M. Exit with a random variate X fron density

r r ( x )  =  f ( x ) / ( l - p ) ,  c  (  x ,

where X is generated by the alternating seri'es method

Sl  app l ted  to  (7 )  and (8 ) .

For detai ls of the application of S1 to denslt ies frarrd f,

we make use of the following lernmas.

Lenura 2. If G is a random variable with the truncated ,"*."f)

dens i ty  c r f f  
"  

- ] ,  
y  >  c  =  n2 /8"2 ,  then 11  =  n7 /5E-  has

density
. r t

C n  * - 4 e - n ' / 8 *  , x S c .  
( L 2 )

(Here 
"1 

and 
"2 

are normallzation conetants).

Proof. The Jacobian of the transformation y = n2/8*2 i t
a l )

4n l (h i l - ' -  I f  X  has  dens i ty  (12) ,  then g  =  n218x2 has  dens i ty

" r F " - Y , y  
> c t .

Lernrna 3. If E is an exponential randorn variable, then X =

- / )
\ c-+E/2 has density

-r*2
c a x e  r x l c ,  ( 1 3 )

where c,  is  a nonnal izat ion constant .

P roo f .  The  d i s t r i bu t i on  f unc t i on  o f  ( 13 )  i s  1  -  exp ( -2 ( *2 - "2 ) ) ,

x z c .

T h a t  o f  E  i s  1  - e x p ( - * ) ,  x  l  0  .

We propose the fo l lov ing algor i thqs for  the generat ion of

random var iates f rorn,  f ,  and f ,  ,  respect ively.  The constan!  c is

p i cked  as  l n  S lM  and  c r  =  n2 /8 "2

(f f )  1.  1A. Generate two lndependent exponent j ,a l  random var i -
- l

a t e s  E O  a n d  E ,  .  S e t  E O  =  E a / ( 1 - ( 2 c ' )  
* )  

,  E l  =

281 ,  G =  c ' *E '  .

1 8 .  r t  E :  >  c ' E .  ( G + c ' )  ,  g o  t o  1 D .
U  I '

l C .  \ t  G / c t  -  1  -  l o g ( G / c ' )  t  E ,  ,  g o  t o  1 A .

l D .  x =  t r / { - 8 - c ,  T  =  0 ,  z  =  e A ) - 1 ,  p  =  u - G ,  r ,  =  1 ,

Q = r
Generate a uniform (0,1) random variate U .

2 .  T  =  T + z Q  I f  U  Z  T ,  e x i t  w i t h  x  .

^2- ' ,  )
3 .  n = n * 2 ,  Q = P "  

* ,  
T = T - n - Q  I f  U <  T ,  g o  t o 1 .

4 .  G o  t o  2 .
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( t )  1 . Generate an exponent ia l  random var j .ate E and an inde-

pendent uni form (0,1)  randorn var iate U .  Set  X =

2 .

tT''
\ l  c '+t/2 ,  T + o , n + 1

l r2-l
n = n * 1 , T = T * n - Z '

^  2 ", '1 -_L
n = n * l , T = T = n - Z '

G o  t o  2 .

, z = e x p ( - 2 x 2 ) .

I f U Z T , e x i t w i t h x

I f U < T , g o t o 1 .

The steps in both algor i thms are numbered as in S1.  In step

I  of  the algor i thm for  fa,  a random var iate X is  generated that

has  dens i t y  h  ( 11 )  r es t r i c t ed  t o  ( 0 , c )  The  a l go r i t hm  uses  re -

j ec t i on  ( s t ep  1C)  w i t h  squeez lng  ( s t ep  18 )  ( f o r  de ta i l s ,  see

Dagpuna r  ( 1978 )  and  Dev roye  (1980 ) ) .  The  compu ta t i on  o f  Z  i n

step 1 of  the f ,  a lgor i thm requires exponent iat i -on.  This may be

avoided some of  the t lme by accept ing X in step 1 f iquick1y" when
2

U Z 4 exp(-6c-)  .  Simi lar ly ,  v le may accept X in step lD of  the
) )

f ,  a l go r i t hm  when  U  > -  4c - / r -  ,  be fo re  Z  o t  P  a re  compu ted .  I n

Table 1 values are given for  these quick acceptance probabi l i t ies

and  f o r  p  =  F ( c )  as  a  f unc t i on  o f  c  Bo th  p robab i l i t i e s  a re

c l ose  t o  0 .80  when  c  =  0 .75  A  comp le te  FORTMN p rog ram w i t h

discussion is  g lven at  the end of  th is sect ion.

TABLE 1.  Values for  Quick Ar- :ceptaqqe- lgobabi l i t ies.  - ' ! - :  - - -  -  '  :  :
and  P  =  F (c )  as  Func t i ons  o t  c '

1 us  =  1  mic rosecona =  10-6  seconds.

7 l

c L-4"-6"2
) ' )

I - .+C l  l l p=F  ( c )
Average Time per
Va r i a te  ( us * )

0 . 6 0

0 .  6 5

0 . 7 0

0 . 7  5

0 . 8 0

0 .  8 5

0 . 9 0

n  o (

1 . 0 0

r .  05

u .  )4

0 .  6 8

0 . 7 9

0 . 8 6

0 . 9 1 4

0 .  948

o . 9 6 9

0 . 9 8 2

0 . 9 9 0 1

o. ,9946

0 .  8 5

0 . 8 3

0 . 8 0

0 . 7 7

o . 7  4

0 . 7 1

o . 6 7

0 . 6 3

0 . 5 9

0 .  5 5

0 . 1 3 6

0 .208

0 .289

0 . 3 7 3

0 . 4 5 6

0 . 5 3 5

0 .  607

o . 6 7 3

0 . 7 3 0

0 . 7 8 0

3 9

3 6

34

34

36

38

4L

44

48

53

\



t r ibuted random var iables is  def ined by Frr(x)

where I  is  the indicator  funct ion.  I f  X,  has

funct ion F(x)  ,  then the fo l lowing stat i i t ics

for  goodness-of- f i t  tests by var ious authors:

+ -
r- -  = /  n sup F-(x)  -  F(x)  ,  K--  = / i  sup F(x)

n  -  n -  n
x x

Related l imi t  d ist r ibut ions.  The ernpir ic  d ist r ibut ion func-

t i o n  F r r ( x )  f o r  a  s a m p l e  X r , . . . r X '  o f independent ident ical ly  d is-

l - r
=  L  n  

- f v  
< * l

i=1
dist f ibut ion

have been proposed

- F ( x )
n

(the asynnretr ical Kolmogorov-Snirnov stat lst ics) ;
_ += nax(K , Krr) (the Kolrnogorov-Smirnov stat ist ic) ;K

n

I I

?

n
)

U
n

t

M i ses  t  s t a t i s c i c )  ;
')

r ' ( v ) )d r (v )  ) -dF(x )

,  - ( F - . ( x ) - r ( x ) ) 2
a '  = - /  ----r-- dF(x) (the Anderson-Darl ing stat ist ic).-  
n  " /  r ( x )  ( l - F ( x ; . r

J

For surveys of  the propert ies and appl icat ions of  these and other

s ta t i s t i c s ,  see  Da r l i ng  ( 1955 ) ,  Ba r t on  and  Ma l l ows  (1965 ) ,  Sah le r

(1958 ) ,  and  Shap i ro  ( 1980 ) .  A11  t he  s ra t i s t i c s  men r i oned  he re

have l imi t  d ist r ibut ions.  The l imi t  random var iables wi l l  be
+ -

denoted by K*r  K_r I1" , ,  etc.  In Table 2,  the charact .er is t ic

funct ions of  these l in i t  d ist r ibut ions are given.  In a l l  but

one case they can be wr i t ten as a countable product  of  character-

is t ic  funct ions of  gamna random var iables.  Therefore the fo l low-

ing conclusions about the generat lon of  random var iates f rom

these dist r ibut ions fo l low:

(1)  2K;-  and 2K_- are exponent ia l ly  d isrr ibured.  For ex-

ponent ia l  random var iate generat ion algor i thms, see

Maclaren,  Marsagl ia and Bray (7964),  Sibuya (1961),

Marsagl ia (1961) and Ahrens and Dierer  (1972).

( 2 )  V_  i s  d l s t r i bu red  as  K_ (1 )  +  K_ (2 )  ,  r he  sum o f  che

Cwo independent random var iables dist r ibuted as K_ .

( 3 )  U -  i s  d i s t r i b u t e d  ^ s  K * / n 2 '
a

(4)  The sum of  two independent W- random var iables
? 2 )

(w ; ( l ) +w :  ( 2 ) )  Ls  d i s t r i bu red  as  K - l n '  ,  bu r  no  s imp le

funct ion of  K_ that  would give a random var iable d ist r i -
,

buted as W- is  known to us.

No te  t ha t  t he  exp l i c i t  f o rm  o f  t he  l im i t  d i s t r i bu t i on  o f  V_

is rel-atively simple (see Kui.per (f 960) , but A3 and !,I2 have com-

p l i ca ted  l i n i t  d i s r r i bu r i ons  ( see  Ande rson  and  Da r l i ng - { { t 9SZ ) ) .

= r l ,  + x"  (Kuiperrs s tar isr ic)

= , ,  /  t . , , { * )  -  r (x) )2ar1*;  (von

= 
" l  

(Fn(x)  -  F(x)  -  (Fn(y)  -

(Wa tson ' s  s t a t i s t i c )  ;

I



Random
Variable

Character is t ic

_E"".!&"_
Relevant
References

K
-  

t  - 1
n  ( l - i r / 2 j - )  -

j =1
Kolmogorov (f933), Smirnov
(1939) ,  Fe1 le r  (1948)

K-
2

K
(r- i t /D-r Smirnov  (1939) ,  Fe1 le r  (1948)

V i 1t-r"1rr'y't
j= r

I(uiper (1960)

w:
-  

r  1 - 1  l ' ,

t t  ( I -2 :_ t /n ' i ' )  " ' '

j = 1

Smirnov (1937), Anderson and
Darl i-ng (1952)

U n (1 - r r / 2 r - j - )  *

J  
- I

I'latson (L96L, L962)

- 1  l ' >
i l  (1-l t / j  ( j+1) )

i = l

Anderson and Darling (1952)

TABLE 2. Characteristic Functions of Some- 
Lrnrr Dlstriblitm

REAL F1JNCTION SMIR(L)

c

C THIS SUBPROGRAM PRODUCES VARIATES FROM TITE KOLMOGOROV-SMIRNOV
C LIMIT DISTRIBUTTON FI,JNCTION.
c
C SOURCE: LUC DEVROYE ''THE SERIES METHOD FOR MNDOI"i VARIATE
C GENERATION AIiD ITS APPLICATION TO THE KOLMOGOROV-
g sI{IBNOV DISTRIBUTIONI' AMERICAN JOURNAL OF },TATIIEMATICAL

C AND MANAGEX'{EIfI SCIENCES.

C AT EACH CALL, THE ARGIJMEM CAN BE GIVEN TIIE VALUE O AS IN
C TIIE STATEMEI{T X = SMIR (0).
C THE PR.OGRAI{ USES THE SUBPROI]RA]'1S UNI AND REXP FOR THE GENERA-
C TION OF UNIFORM (0,1) AND EXPONENTIAL RANDOI'I VARIATES.
C THESE SUBPROGRAMS ARE PART OF lHE SUPER-DUPER RANDOI"I NIJMBER
C GENEMTOR PACKAGE OF MCGILL IJNIVERSITY.
c
C THE CONSTAMS IN THE PROGRAM DEPEND UPON C. ALL THE VALUES IN
C THE PROGRAI.{ ARE FOR C=0.75. FOR OTHER VALUES OF C IN THE
c MNGE SQRT (1 . /3.)< C <3 .14159265/2. RECALCUI,ATE T1IEM AS

FOLLOWS :
C P= VALUE 0F KOLMOG0ROV-SMIRNOV DISTRIBUTION FIINCTION
C  A T C
C  P 1 = 1 .  / P
c  p2_r . /  ( r ._p)
C CSQRE=C*C
C p2BC=pIE**2/(8*C*C), pIE=3.L4L59265

c PINV=I .  /P28c
c ALPHA,=4.*EXP(_5.*C*C)
c BETA=4*C*C/PIE**2
c  B-L .  /  ( I . -4*C*C/PIE**2)

DATA C,  P ,  P l ,  P2 ,  CSQRE,  P 28C,  PTNV,ALPHA,  BETA,  B /  0 .  7  5 ,  0 .  37  283 30 ,
+  2 .682166,L .59447 L ,O.5625,2 .L93245.O.4559454,O.L3687 25 ,
+  o . 2 2 7 9 7 2 7 , r . 2 9 5 2 9 L /

1 DEc=uNI (0)
rF (DEC . LT . P) G0T059
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c
C GENEMTE VARIATE FROM TAIL OF RAYLEIGH DENSITY
c

v= (DEC-P) *P2
GOTO2l

2 V=UNI(0)
2L sMIR=csQRE+0. 5*REXP (0)

SMIRSQ=5Y1Pagg1x
c
C CONSECTJTIVE ACCEPTANCE/REJECTION STEPS
c

IF (V.LT.ALPHA)GOTO 
3 SMIR=SQRT(SMIR)

RETURN
4 IF (sl.{IRsQ.cT.174.) corog

T=EXP (-sMIRsQ)
K=1
NtlM=0
St M=0

' 5 NIJM=NIIM+K+K+1
K=K+1
( IF (NrrM*SMTRSQ. cT. 174 . ) coro3
suM=suM+ (NUlFl) *Tr(*NUU
IF(v.cE.sw)c0r03
NI''}I=NI,]M+K+K+1
K=K+l
IF (NIJM?rSI'{IRSQ. cT.174) c0T03
SUM= gUM= (Nmef l ) ;r1* *ggY
rF (v. Lt . suM) Gor02
GOTO5

c
c GENERATE VARIATE DTSTRIBUTED AS INVERSE OF SQUARE ROOT OF TAIL

OF CHI-SQT]ARE DENISTY !iITH 3 DEGREES OF FREEDOM
c
59 v=DEc*pl

GOTOT
6 v=uNI(0)
7 E=REX?(0IB

E1=E1+E1
Y=P28c+E
IF (ElrE. LE. El*p28C,r (y+p 28c) ) cotoS
IF (PINVIIY-I. -ALOG (PINV*Y) . GT. E1) GOTO6
SMIR=I . 1107 206/ SQRT (y)
z=0 .5 lY
SUM=I. -z

c
C CONSECUTIVE ACCEPTANCE/RE ECTION STEPS
c

IF (V. LT. SIIM) RETURN
K=3
KSQRE=8
rF(Y.Gr.21.7)RETURN
T=EXp(-y)

9 f,u*t**KSQRE
sttM=St'l'I+(KSQRE+1)*1U
rF(v. cT. sr,I.t) c0To6
SIJM=SUM-Z*TU
Ir (v.LE. SrrM) RETURN
K=K+2
KSQRE=K*K-I
IF (Y,rKsqRE. cT. 174. ) RETURN
coTo.9
END

I



Subprogram SI{IR requires a r:nifor:rn random variate generator

(L ' } f i ) ,  and an exponent ia l  randon var iate generator  (REXp).  Both

UNI and REXP are part of the SUPER-DUPER random number generator

package developed by Marsagl ia,  Anantharayanan and Paul  (7973)

at  McGi11 Univers i ty .  The IBM Assembler code can be found in

Dudew icz  and  Ra11ey  (1981 ) .  I t  can  a l so  be  ob ta i ned  d i r ec t l y

f rom McG1l1 Univers i ty .  The average t ime required per var iate

changes wi th the parameter c (see Table 1) ,  and on McGi11 Uni-

vers i tyrs AMDAHL V7 computer,  c  = 0.75 seems to be the best

choice.  The sequence of  random var iates produced by SMIR was

also submlt ted to a Kolmogorov-Smirnov goodness-of- f i t  test  for

samp le  s i ze  5000  (  t he  p - va lues  ob ta i ned  we re  0 .72 ,  0 .24

and 0.37 ) '  To conpare the speed of  SMIR (34 us/var iate on the

average) wi th that  of  other a l -gor i thms, nole that  the state-

men t  X  =  -ALOG(UNI (0 ) )  t akes  on  t he  avc rage  10 .5 ; r s ,  and  t ha r

the fastest  FORTRAN coded gamna generators (see Tadlkamal la and

Johnson ( (1981 ) ) t ake  abou t  21  m ic roseconds  pe r  va r i a t e  f o r  l a rge

values of  the shaDe parameter.
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